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T6m tat: Trong bai bao nay chuing tdi nghién ctru sw tén tai nghiém cla phwong trinh trung tinh ntra
tuyén tinh v&i phan tuyén tinh thda man diéu kién Hille - Yosida va toan t tré phi tuyén thda
man diéu kién Lipschitz. Trong trué'ng hop ho tién hda cé nhi phan mi ching t6i xay dwng
cong thirc nghiém Lyapunov - Perron va chi ra su tén tai nghiém.

Twrkhéa:  Nghiém du tét, phwong trinh tién héa, nhi phan mi, khéng gian chap nhan duoc.

Abstract: In this paper, we study the existence of solution for semi-linear partial neutral functional
differential equations with the linear part satisfies the Hille - Yosida condition and the
nonlinear delay operator satisfies the Lipschitz condition. In the case of the evolution family
have an exponential dichotomy, we construct the Lyapunov - Perron solution formula and
prove the existence of the solution.
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1. MG PAU

Xét phuong trinh tién héa trung tinh:

gput:(A+B(t))Fut+<D(t.ut),t20 (1)

u =¢eC
Trong d6 A 12 toén tir tuyén tinh c6 mién xéac
dinh khéng tru mat D(A) trong khdng gian
Banach X théa man diéu kién Hille - Yosida.
bat C:=C([-r,0],X), (B(1))_, & ho tuyén
tinh bi chan trong L(D(A), X), F:C— X
la toan tur sai phan c6 dang F=06,-¥Y véi
Y elL(C X), |[¥|<Lva J, laham Dirac tap
trung tai 0, toan ti tré ®:R x C—> X Ila
ham lién tuc va ham lich st U, € C duoc xac
dinh u (@) =u(t+06) vé6i @e[-r,0]. Vao
1996 khi xem xét mang luéi cac duong day

truyén tai J. Wu and H. Xia di chi ra md hinh
twong Gng voi phuong trinh vi phan trung
2
%Fut = aaa? Fu, + ®u, ([5]).
cling cac cong sy dd dua ra phuong phap dé
giai quyét bai toan trén, bang canh chi ra su
ton tai va cac tinh chét cua toan tir nghiém [4].
Tuy nhién ddi vé6i cac phuong trinh vi phan
trung tinh phét sinh tir cac hé thong tu nhién,
ky thuat,... Khi d6 viéc nghién ctu sy ton tai
va 6n dinh cua nghiém tré nén phuc tap, cac
phuong phap cii khong con phi hop. Gan day,

tinh: Hale

cic phuong trinh vi phan cé tré, voi truong
hop A sinh ra ntra nhom lién luc manh hay
B(t) sinh ra ho tién hoa lién tuc manh, mot sé
két qua nén mong ban dau vé sy ton tai, on
dinh ma cua nghiém, da dat duoc boi N.T.
Huy va mot s tac gia khac [6, 7]. Truong hop
A 14 toan tir thoa méan diéu kién Hille - Yosida
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va ho tién héa dugc sinh ra boi toan tir A+B(t)
da duoc Jendoubi xay dung céng thurc nghiém

cho phuong trinh tién héa nira tuyén tinh [2,3].

Tuy nhién, d6i véi phuwong trinh trung tinh
trong khong gian ham chip nhan dugc thi
chua duoc giai quyét. Do do, trong bai bao
ndy, ching tdi s& xay dung diéu kién du dé
phuong trinh (1) c¢6 nghiém trong truong hop
A + B(t) sinh ra ho tién héa c6 nhj phan mil.

Trong bai béo nay, ching t6i sir dung ly thuyét
cua khdng gian ngoai suy, nguyén 1y diém bét
dong trong khong gian Banach, chudi
Neumann dé chirng minh sy ton tai nghiém du
t6t trén khdng gian Banach X.

Dé thuan loi cho viéc chiing minh ching toi
xay dung cac gia thiét va ki hiéu st dung
trong bai b4do nhu sau:

(H,) A latoéan tir Hille - Yosida. Voi WeR

va M=>1 sao cho (w,+x)c p(A) va

< M v6i moi NeN
(A-w)"

vai>w, trong d6 p(A) la tap giai cua A

va R(ALA=A1-A"

IRG A"

(H,)Anh xa trsB(t)x la do dwgc manh

V6i moi Xxe X,:=D(A) va ton tai ham
l e Ly, (R,)saocho [B()[<I().

(H,) @ thoaman diéu kién ¢ - Lipschitz.
(H,) Hotiénhoa {Ug(t,s)}

mil véi phép chiéu nhi phan P, (t),t >0 va
hang s6 N,v>0.

6 nhi phan

t>5>0

2. KHONG GIAN CHAP NHAN BUOQC,
NGHIEM BU TOT CUA PHWONG TRINH VI
PHAN

Chung t6i nhac lai mot s6 dinh nghia va khai
niém s& s dung trong bai bao nay.
Trudc tién 1a mot sé két qua trén khong gian

ngoai suy cua toan tir HilleYosida. Tur dinh ly
Hille-Yosida [1, Theorem 11.3.8] chlng ta co:

B6 dé 1. Gia sir A 1a toan tir Hille - Yosida
trong khong gian Banach X
X, =D(A), D(A)={xe D(A): Axe X,} va
A : D(A)c X, —> X, latodn tir dugc xac
dinh boi A x = Ax. Khi do, toan tir A, sinh
ra nira nhém lién tuc manh (Ty(t))_, trén
X,. Thoa man, [T, (t)|<Me® véi
va t>=0. Hon nira, p(A)cp(A) va
R(4,A)=RAA), , véi iep(A).

owelR

Trén X, xac dinh mot chuan nhu sau:
I, =|R(24. A))¥.x e X,. Vi chuan nay
khong gian (X,,[.|,) duoc goi la khong
gian lién két cua X, véi toan tur lién két A,
va ki hiéu la X_,. Ho toan tr (T_(t))_, la
C, ntanhémtrén X ,, goi la nira nhoém lién
két cua (T,(t)),,. V& mién x4c dinh cia toan
tir A, bang A,. Tiép theo, ching ta s& dinh

nghia nghiém da t6t (mild solution) cho
phuong trinh sau [2]

d

au(t)=(AJr B(®)u(t)+g(t.u,) @
U, =peC
Pinh nghia 1. Viéi ¢eC sao cho
#(0)eD(A). Ham u:[-r,+0)—>X la

nghiém du tét cia phirong trinh (2), néu
Uy =0<C \ya y() lién tuc va théa man:
u(t) =T, (t)4(0)

+[ T,t-0)(B@u() +g(r.u,))dr (3)
v6i t>0. Trong d6, phuong trinh thuan nhat

d —
5t VO = (A+BONO) (@)

u@) =xeX,
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thoa mén:

Anh xa t B(t)x la do duoc manh véi moi
Xe X, va ton tai duy nhit ho tién hoa
(Ug(t,s)),..., thoa man cong thuc bién thién
hang so:

Ug (t,s)x =T, (t —s)x

+ I:Tfl(t—r)B(T)UB(T,S)XdT )

Vol t>s>0,xe X,.

Hon nita, anh xa t— U, (t,0)x la nghiém
duy nhét cua (4).

B6 dé 2. Mgt ho toan tu tién hda sinh bsi toan
tu tuyén tinh bi chan (U, (t,s)),. .., tdc dong

trén X, co céc tinh chdt sau:

t>5>0

1. Ug(tt)=1d va Ug(t,r)Uy(r,s)=U;(t,s)
vdimoi t>r>s>0.

2. Anh xa (t,s) > Ug(t,s)x Ia lién tuc véi
moi X e X,.

3.Ton tgi cac hangsé K,w >0 sao cho

Vg (t,s)x| < Ke >s$>0,xe X, (5)
Tiép theo chiing ta nhac lai mot s6 khai niém

str dung trong bai béo [6]

M(R. )= {feL}m

vi chuan | [, :=sup [ [ ()| dz.
120 !

(R, )fsup " If (2) dT<OO}
t>0

Pinh nghia 2. Khéng gian ham Banach E
dirot goi 14 chdp nhdn dwoc néu né thod man:

(i) Ton tagi hang s6 M =1 sao cho moi
[a,b]c R, vamoi peE taco:

M((b-a
[0t < MOy

| 1enlc

(ii) E 1a bdt bién véi toan tir A,, trong do

M) = [ p()dr.

(iii) E 1a T va T bat bién véi moi
relR,
.. p(t-7), t>272>0
voi T o(t) =
o) { 0, O0<t<s

To()=pt+7)Y &

Hon nita, ton tai N,N,>0 sao cho

T | <N, [T]|< N, véimoi reR,

B6 dé 3. Cho E la khong gian ham Banach
chdp nhdn dwoc. Ta c6 cac khang dinh sau:

(i) Cho ¢el,(R,)sao cho ¢>0 va
ApeE . Vi
A_pva A @nhwesau:

B t
A o(t) = [ e p(s)ds,

Aypt)=[ e Pp(s)ds

Khi ds, Ao va A_¢ thuoc E. Hon nira,
néu @peM(R,) thi
chan va

moi o>0 ta xdc dinh

Ap va Ao bi

. N
[Acel, < o= AT,

" N
oo, = g,

[¢]

A, T va N, N, duge xdc dinh
trong Dinh nghia 2.

trong do,

(ii) Véi moi > 0,6 e E.
(iiii) Vi moi b >0,e™ ¢ E.

Pinh nghia 3. Cho E la khéng gian ham
Banach chap nhdn dwoc va ¢eE la ham

khong am. Ham @ :[0,00) x C — X duwoC goi
la g-Lipschitz néu:

(i) ||CD(t,O)|| <o), VteR,.

(1) ||®(t’ ¢) _CD(L¢2)” = ¢(t)||¢1 - ”c '

voimoi teR,va ¢,¢,€C.
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Chay 1. Néu @(t,¢) la p-Lipschitz thi
|o(t, 9)| < pt)1+|¢],). Vo eC, t =0

3. NGHIEM CUA PHUONG TRINH TRUNG
TINH TRONG TRUONG HOP HO TIEN HOA
CO NHI PHAN MU

Xét phuong trinh tich phan:
Fu, =U;(t,s)Fg+
mj:uB(t,g)lR(A, AD(E,u,)dE, t2520 (7)
u=¢eC.
Cha y rang, néu ho tién héa (Ug(t,S)).e0
nay sinh tir bai toan Cauchy dat chinh

du
i (A+B()u(t)
uis) =xeX

thi ham u:[s—r,o) — X, théa man (7)
duoc goi la nghiém du tét cua phuong trinh
(1). Gi st ho tién hoa (U (t, s)),__ 6 nhi
phan mil v&i c4c toan tir chiéu nhi phan
P, (t),t > 0va cac hang sé nhi phan N,v >0.
Ta xac dinh ho toan tir Ps (t) : C — C nhu sau:

P (1)(#)(0)
=U, (t-6,1)P,(t)¢(0), v [-r,0] (8)
Khi d6, ta c6 (P,(t))* =P, (t) do d6 cac toan
te P(t),t>0, la cac toan tu chiéu trén C.
Hon niia,
IMP, (t) ={$ € C: $(6) =U,, (t - 0,t)v,,
Vo el[-r0],v, € ImP(t)} 9)

Xét (Ug (t, s)) 1a ho tién hoé nhi phan
mii véi ho toan tir chiéu nhi phan (Pj (1)),
va cac hang sé nhi phan N,y >0. Ta dinh
nghia ham Green nhu sau:
P, (U, (t,7),t>7>0

10)

‘UB(UX(' —PB(T)),OStq(

t>s>0

gB(t’T) :{

Khi do, ta c6 danh gia:
|G . D) <N@+H)e™™ ™ véi moi t=r
vat,r e R, trongdé H = Sup”PB (t)” < o,

>0

BS d& sau ddy cho ta cong thic nghiém bj
chan cua phuong trinh (7).

Bo dé 4. Cho ho tién hoa (U, (t, s)) _ co
i t>5>0
nhi phdn mii véi cac toan ti chieu nhi phan
P,(t),t>0 va cac hang sé nh; phan
N,v>0. Gid S rang cdc diéu kién
(H,,H,,H,)thoa mén, ¢ la ham khong am,
thugc E. Gid sir F 1a toan tir tuyén tinh bj
chan, @ la ¢-Lipschitz, va u(t) 1a nghiém cua
phirong trinh (7) sao cho suplju,| <o véi
t>s

s>0 ¢ dinh. Khi d6, véi t=s, u(t) thoa
man:
Fu, =U;(t,S)v,
+1im ng (t,7)AR(A, A)D(r,u.)dr (11)
u =¢eC
trong do v, € X,(S)=PR;(s)X, va G;(t,7)
la ham Green duoc xdc dinh boi (9).

Chieng minh:

pat y(t) = lim TgB (t,7)AR(A, A)D(z,u.)d,

taco y®)]< [N@+H)e " @+[u,

Do)z,

Str dung Bo dé 3, véi moi ¢ > s ta co
ly)]|< N@+ H)(1+stup||ut I.)
(NI AT @l +N, I Al )
X .
1-e”
Mat khac, Ug(t,s)y(s)

(12)

=~ lim [Us (69U,(5,0)(1 - Po()(z.u,)dz

~lim [U, (690U 5.2) (1 =Py () D(r,u, )
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= _LmTUB(t’T)(I — P, (7))®(7,u,)dr

—m]ous(t,r)u —P,(r))®(r,u,)dz.

Do do,
y(t) =U; (t,8)y(s) + LILT; LtU . (t,7)D(z,u )dz.

Vi u(t) 1a nghiém cta phuong trinh (7) nén
Fu, - y(t) =U, (t, ) (Fu, - y(s)).

bat v,=Fu,—y(s). Do Fu, va y(t) bi
chantrén [s,c0) nén v, e X,(s) va

R (S)Fu; =P g(s)Fg=v,.
Do vay, Fu, =Ug(t,s)v, +y(t), vai t=s.
Pinh Iy 1. Gid si ho tien hod (U, (t, s))

t>5>0
¢6 nhi phdn mii véi cac toan tir chiéu nhj phan
P,(t),t>0 va cac hang sé nh; phan
N,v >0. Xét cac todn tir chiéu P, (t)duoc
xdc dinh nhw trong (8). Toan tu sai phan
F:C—>X ¢c6 dang F=5-¥Y voi
Yel(CX),|[¥|<1 va &, 1a ham Dirac
tdp trung tai 0. Gia i rang ¢ la ham khong
am, thugc khong gian ham Banach chap nhdn
dwoc E. Cho toan tir tré ®:R, xC— X la

p-Lipschitz. Dat

. e (L+ H)N(N, [AT ¢ +N,[A],)
B 1-e” '
Khi dé, néu K <1, thi véi mdi ham
1- |

¢ € ImP,(s) co6 mgt va chi mgt nghiém u(t)

cua phuwong trinh (11) trén [s—r,) thod

man P,(s)us =¢ va sup|u,|, <o, ¢ ddy
t>s

ham usdwoc xdc dinh bsi us(6) = Fug_,voi
moi —-r<@<0.

Chizng minh. T ¢ e ImP,(s) bai (8), ton
tai Vv, € ImP; (s) sao cho

#(0) =U,z(s—6,s)v, voi moi -r<6<0.
D&  thay, v, = $(0). Ki hiéu
C,([s—r,), X)la khong gian Banach gom

cac ham lién tuc, bi chan, nhan gia tri trong
X va xac dinh trén [s—r,) dugc trang bi

chuan sup, ky hieu la |.| . Ta xét
¥:C,([s—r,+0),X) > C,([s—r,+0), X)
xac dinh bai:

_ \P(ut)l
RUCh {\P(us),
Do [¥|<1 ta co |¥|<[¥|<1 Do ds,

s<t

13
—-r<t<s. a3

toan te I-¥ l& kha nghich. Voi
v, =@(0) € ImP(s) nhu trén, ta xét anh xa

Fys:Cy([s—r,+0), X)—>C, ([s—r,0),X)
xac dinh boi

(Fou)®)
U, (t,S)v, +iirtljg8 (t,7)®(r,u)dzr,t>s

={Ug (25 -t,8)v, + lim [ G, (25 -1, 7)D(,u,)d7,

S—r<t<s 14)

Ta c6 udéc luong: H(F(,;u)(t)—(F¢V)(t)H
<tin

<N(L+ H)Te_vlt_"go(r)

G (. 1) (@(z,u,) - 0(z,v,))[dr

uZ' _VT

Cdr

<ke™" sup Ju(&)-v(&)|, t=s
£

>S-r

va |[(Fou)®) - (Fv)(0)|

< mf gB(zs—t,T)(eD(f,u,)—qa(r,v,))udr

<N(1+H) j e (o)l u, v Il ,dz
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<N(1+H)e”je

, —r+s<t<s

_S r
Do ¢,

sup (Fu)(t) - (Fv)(t)”<ksup||u(t) V().
pat T:=(1-¥)'F,.

Str dung chudi Neumann, ta co:

TU)(H) - (T)(O)
-[(Cv)Falo-[¥)Falo

= [(F¢u)(t) - (F¢V)(t)]

[ewrFaum - @Famm] -+
Bang quy nap c6 thé chi ra

" Fa® - (¥ Fan)o)
<kl s lu@)-v@l )
véimoi t>s—r va neN. Suyra

|(Tu)(®) - (Tv)(©)|
4iMngwaw@n

sup u(g) = v(&)]-

1-[#] st
Do do,
SUPIICFU)(é) ()& < - ” ”SUIOIIU(é) V(&)
Vay, Vvoi L<1 thi  anh xa
1-||

C,([s—r,©),X)—>C,([s—rx),X) la
mot anh xa co. Vi vay, ton tai duy nhat ham
sa0 cho Tu = u. Vay u(t), t=s-r la
nghiém duy nhat ctia phuong trinh (11) V6i

(F¢US)(19) = UB (S -0, S)Vo
+ ingB (s—6,7)®(r,u_ )dzr, VO e[-r,0]

va P, (s)Fu, =v,. Do d6, P,(s)i; =¢ theo

dinh nghia cia P,(s) (dang thuc (8)).

4. PNG DUNG
Xét phuong trinh vi phéan
ow(x,t) " ow(x,t-1)  o*w(x,t)
ot ot ox?
o°W(X, t -1)

trung tinh

—k — V() [(w(x,t) —kw(x,t -1))]

+bte~M j_°1|n(1+ |W(x,t+0))d6, (16)
véimoi 0<x<rm,t>s;t,seR,0e[-10],
w(0,t) = w(z,t) =0,

W, (X,6) =w(x,s+6) =y (x,0),

trong d6 k 1a hang sé thuc véi |k| <1.

Ham v(.)el; (R,) thoa man diéu Kkién
p<v(.), p 1a hing s duong c6 dinh. Ta
chon khdng gian Hilbert X :=L,[0,7] va
xét‘ toan tor A xac dinh boi: A(f)=f" vo
mién xac dinh

D(A) :={f eW?2[0,7]: f(0) = f(x) = O}.
Str dung cac két qua cua nira nhom toén tir ta
c6: (0.0)cp(A),  |R(A, A)||s%, ¥i>0
va DA={yeX:y(0)=y(z)=0}. Do do,

gia thiét (H,) duogc théa man. Hon nita, toan
ter A sinh ra nda nhom lién tuc manh

(To ).y trén DA sa0 cho
[T, )] <e™, t>0.Ching ta xét ho toan tir
(BM)),., trén DA xac  dinh

boi: B(t) =—v(t)I,t>0. T v(.)el (R,),
anh xa t+ B(t)x la do dugc manh. Do do,
gia thiét (H,) duoc théa man. Hon nira,
(B(t)),,, sinh ra ho tién hoa (U(t,s))__,

trén DA duoc Xac dinh boi

U(t,s) = efLV(U)dG', véi t>s>0. Suy ra
Ut s)|<e”™ . vivay, (A+B(t))_, sinh
ra  ho  tién héa  théoa  man

t>0
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Ug (t.5)] < 26 ™79 t>5>0. Do ds.
(Usglt, S))tZsZO ¢6 nhi phan mii véi phép chiéu
(P(1)., sao cho Py(t)=1Ix,, Vt=0 va
hing s6 N =2,v=min(L p)>0. Diéu nay
c6 nghia gia thiét (H,) dugc thoa man.

Trén C:=C([-1,0],X) chung ta dinh nghia

toan tur sai phan  F va toan tu tré @ nhu sau:
F:C— X,F(f):= f(0)—kf (1)

O:RxC— X,

@t ¢)=bte™ [ In(1+| (#(O))(x) 8,
teR, xel0,x].
Khi d6, phuong trinh (16) dugc viét dudi
dang:
0
3 Fu,(-) = (A+B(t))Fu,(-) + (t,u, (-, 6)),
voi t>s, théa mén u,=¢eC. Luu y @
|y gia tri trong X =L,[0,7] nén ta cd the
dé dang chiing minh @ 1a ¢-Lipschitz bang
cach st dung bat dang thiac Minkowski,
voi o) =|b|rte*,teR thuoc E =L, (R),
p>1 ([7, Example 3.9]). Cé4c hang s trong
Dinh nghia 2 dugc chon N, =N, =1.

Taco Aupt)=[ p()dz va

t
AT e®) =], #dr,
trong d6 (t—1), =max{0, t—1}. Do vay

max {||A1¢(t)||w ,HA‘1T1+(p(t)Hw} <lb|r va gia

thiét (H,) duoc thoa man. Theo Dinh Iy 1 ta

c6 két qua sau:

e (l-e")1-|¥
ON(L+H)

trinh (16) ton tai nghiém duy nhat.

Néu |o|r <

thi phuong

5. KET LUAN

Bai béo di ching minh duoc sy ton tai va duy
nhat nghiém cia phuong trinh trung tinh (1)
vé6i phan tuyén tinh thoa man diéu kién Hille -
Yosida. Véi ho tién héa c6 nhi phan mi,
ching t6i biéu dién nghiém du tét cua phuong
trinh (1) théng qua ham Green tir d6 thiét lap
Dinh Iy vé sy ton tai va duy nhat nghiém. Sau
do, 4p dung giai phuong trinh vi phan ham cu
thé. Nhitng két qua cua bai bdo gop phan lam
phong phd thém ly thuyét vé dang diéu tiém
can cua phuong trinh vi phan ham trung tinh.
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